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Abstract 

We discuss superparticle and superstring dynamics in AdS^ x S"^ supported by 
R-R 3-form background using light-cone gauge approach. Starting with the super- 
algebra psu{l, l\2)(B'psu{l, 1|2) representing the basic symmetry of this background 
we find the light-cone superparticle Hamiltonian. We determine the harmonic 
decomposition of light-cone superfield describing fluctuations of type IIB super- 
gravity flelds expanded near AdSs x background and thus the corresponding 
Kaluza-Klein spectrum. We flx the fermionic and bosonic light-cone gauges in the 
covariant Green-Schwarz AdS^ x superstring action and flnd the correspond- 
ing light-cone string Hamiltonian. We also obtain a realization of the generators 
of psu{l, 1|2) (B psu{l, 1|2) in terms of the superstring 2-d flelds in the light-cone 
gauge. 
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1 Introduction 



Understanding how to quantize superstrings in Ramond-Ramond backgrounds is of top- 
ical interest, in particular, in connection with string theory - gauge theory duality [1,2]. 
The basic example of type IIB Green-Schwarz string in AdS^ x with R-R 5-form 
background [2] was studied, e.g., in [3-10]. One may hope that a progress towards un- 
derstanding the spectrum of this theory may be achieved by using a light-cone gauge 
approach recently developed in [19,20] (for an alternative covariant approach see [11]). 
To get a better understanding of this light-cone approach it may be useful to consider 
first a similar but somewhat simpler string model. 

An obvious candidate for such simpler model is type IIB string in AdS^ x x T'^ 
with R-R 3-form background.^ The AdSs x x T"^ with NS-NS 3-form background 
represents the near-horizon limit of NS 5-brane - fundamental string configuration [12] 
and a fundamental superstring probe in it may be described by the standard SL{2, R) x 
SU (2) WZW model in the NSR formulation. However, the superstring propagation in 
S-dual R-R background which is the near- horizon limit of D5-D1 system [13] cannot 
be studied directly in the usual NSR formahsm. The exphcit form of the covariant 
GS string action in this R-R background was found in [14-16] by applying the same 
supercoset method which was used in the AdS^ x string case in [3]. An alternative 
"hybrid" approach to quantization of superstring in AdS^ x R-R background was 
developed in [17] (see also [18]). 

In this paper we shall discuss several aspects of superstring dynamics in the AdS'i x 
R-R background in the hght-cone approach developed for the AdS^ x case in [19, 20]. 
Since the simplest limiting case of superstring is superparticle, we also consider in some 
detail the light-cone superparticle theory in AdS'^ x S*^, following closely the treatment of 
the AdS^ xS^ case in [21]. First quantization of superparticle determines the spectrum of 
fiuctuations of type IIB supergravity in AdS^ xS^xT'^ (found directly in component form 
in [22]) and thus also the "ground state" spectrum of the corresponding string theory. 
In the treatment of the superstring theory our starting point will be the covariant GS 
action (see [14-16]) where we shall fix the light-cone-type fermionic (/t-symmetry) and 
bosonic (2-d diffeomorphism) gauges and derive the light-cone Hamiltonian along the 
lines of the phase space approach of [20]. 

The paper is organized as follows. 

In Section 2 we review the structure of the underlying symmetry superalgcbra of the 
type IIB superstring theory in AdS^ x R-R background - ps-u(l,l|2) ® psu{l,l\2) 
[23] and present its (anti) commutation relations in a light-cone basis. 

In Section 3 we consider superparticle dynamics in AdS^ x S^. We find the light-cone 
superparticle Hamiltonian and a reahzation of the generators of psu{l, 1|2) ®'psu{l, 1|2) 
on phase space of (first-quantized) superparticle. 

In Section 4 we develop a manifestly supersymmetric light-cone gauge formulation of 
type IIB supergravity on AdS:^, x backgroTind. The quadratic term in the action for 
fiuctuation fields is written in terms of a single unconstrained scalar light-cone superfield, 
allowing us to treat all the component fields on an equal footing. We also present a 

^In what follows we shall ignore the trivial factor. 
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superfield version of harmonic decomposition and find tlie corresponding K-K spectra 
of tlie supergravity modes propagating in AdS^. 

In Section 5 we find tfie ^-symmetry liglit-cone gauge fixed form of the superstring 
action in AdSs x S^. We give the superstring Lagrangian both in the "Wess-Zumino" 

and "KilUng" paramctrizations of the basic coset superspace 

[PSU{1, 1|2) X PSU{1, l\2)]/[SO{2, 1) X S0{3)] on which the superstring is propagating. 
We also discuss a reformulation of the resulting superstring action in terms of 2-d Dirac 
world-sheet fermions. 

Section 6 is devoted to the hght-cone phase space approach to superstring theory. 
We fix the analog of the GGRT bosonic light-cone gauge and derive the phase space 
analog of the superstring Lagrangian of Section 5 and the corresponding light-cone gauge 
Hamiltonian. 

In Section 7 we obtain a realization of the generators of the symmetry superalgebra 
psu{l, 1|2) ® psit(l, 1|2) as Noether charges expressed in terms of the 2-d fields which 
are the coordinates of the AdS^ x superstring in the light cone gauge. 

Some technical details are collected in five Appendices. In Appendix A we summarize 
our notation and definitions used in this paper and give some relations relevant for a coset 
description of S^. In Appendix B we describe correspondence between the "covariant" 
and "light-cone" forms of the psu{l,l\2) ©psii(l,l|2) superalgebra. In Appendix C 
we explain the construction of Poincarc supercharges in the case of superparticle. In 
Appendix D we give some details of computation of the spectrum of type IIB supergravity 
fiuctuations in AdS^ x S^. In appendix E we present the expressions for the supercoset 
Cartan 1-forms which are the basic elements in the construction of the GS superstring 
action, and describe our procedure of fixing the fermionic light-cone gauge in the string 
action. 

2 psu{l, 1|2) 0psli(l, 1|2) superalgebra 

The symmetry algebra of the AdSs x with R-R 3-form background may be represented 
as a direct sum of two copies of psu{l, 1|2) superalgebra, i.e. as psu{l, 1|2) Q)psu{l, 1|2) 
superalgebra [23] . The even part of this superalgebra consists of the bosonic subalgebras 
su{l, 1), su(2) and su{l, 1), su{2) respectively. su{l, 1) and su{l, 1) combine into so{2, 2) 
algebra while su{2) and su{2) form so(4) algebra. These so{2, 2) and so(4) algebras are 
the isometry algebras of the AdS^ and factors respectively. The odd part of the 
superalgebra consists of 16 supercharges which correspond to the 16 Killing spinors of 
AdSs X geometry. 

The superalgebra psu{l, 1|2) ® psrt(l, 1|2) will play the central role in our construc- 
tions. Let us review its commutation relations in the two forms ("covariant" and "light- 
cone") we are going to use. In su{l, 1)©sm(2) covariant basis thepsu{l, 1|2) superalgebra 
has the following generators: m"^ and m*j which are generators of su{l, 1) and su{2) 
and 8 supercharges g", q^, {a, (3 — 1,2; i,j — 1,2). Their (anti)commutation relations 
have the following well known form 

K^, nfs] = 5}m^s - ^ , K,-, m\] = 6^m\ - Sl^m'^j , (2.1) 
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K/J, = -^''A + I^Iq' , [m'j, q'a] = S^qi - ^^jg^ , (2.2) 

= + l^^Qt , K/3, = m - ' (2-3) 

{ql q^} = a(5im^« + m^) , = -1 . (2.4) 

We assume the following Hermitean conjugation rules 

{m%y = -m"^ , (m^.)t = m^', , (gf )t = e"^^ , (g^)t = gf , (2.5) 

where e"^ is the Levi-Civita tensor: ei2 — e^'^ — 1. The psw(l, 1|2) superalgebra has the 
same commutation relations but with the constant a in (2.4) replaced by a (a^ = ~1) 
such that its sign is opposite to that of a, i.e. aa = 1. 

It will be useful to decompose the generators according to their light-cone S0{1, 1) 
group transformation properties (we shall call this "light-cone basis"'). In the light-cone 
basis the generators of psrt(l, l|2)©psit(l, 1|2) include translations P^, conformal boosts 
K"^, Lorentz rotation J~^~ , dilatation D, R-symmetry generators of su{2) and su(2) J^j 
and J*j, Poincare algebra supercharges Q^* and conformal algebra supercharges S"^^. To 
simplify the notation here we use the same type of indices for su{2) and su{2). The 
Hermiteant conjugation rules are 

(P±)t = P±, (X±)t = X±, (Q±0^ = gf, {S^'V^St, (2.6) 
(J+-)^ = -J+-, D'f^-D, J'l^J'i, J']^Jh. (2.7) 

The anti(commutation) relations then include (their derivation from the above relations 
is explained in Appendix B) 

[P^,K^]^D^J+- , (2.8) 
[D,P±] = -P±, [D,K^] = K^, [J+-,P±] = ±P±, [J+-,K^]=±K^ , (2.9) 

[D,Qf]^-lQf, [D,sn^lst, [J^-,Qf]^±lQf, [J^- , Sf] ^ ±lsf , 

(2.10) 

[S^,P^]=Qt, [Q^\K^] = S^\ {Q^\Qf} = ±P^6], {S^\ Sf} = ±K^6} , 

(2.11) 

{Q^\ Si} = liJ^- - D)5] - , {Q-\ Sj} = i(J+- + D)6^ + , (2.12) 

plus Hermitean conjugations of the above ones. The remaining relations can be summa- 
rized as follows. The supercharges ^ S^'\ transform in the (anti)fundamental 
representations of su{2) - they are rotated only by J*j, i.e. 

[JV Q-1 = ^'iQ-' - l^iQ-^ , [J'j, Qk] = -SiQj + \s}Qk , (2-13) 

and the same for S^, S~^\ The remaining supercharges Q~^\ Qf, S~\ transform in 
the (anti)fundamental representations of su{2) - they are rotated only by J'j, i.e. 
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(2.14) 



and the same for 5" -Sj . The generators J*j, J'^ satisfy the standard relations 



= Sp\ - 61,J', , [r„ JM = 6p\ - 51,J\ . (2.15) 

3 Superparticle dynamics in AdS^ x 5^ backrgound 



Before discussing superstring it is instructive to consider first a superparticle propagating 
in AdSz x 5"^ space. The covariant Brink-Schwarz ^-symmetric action for a superparticle 
in AdS^ X 5*^ can be obtained, e.g., from the superstring action of [14-16] by taking 
the zero slope limit a' ^ 0. By applying the light-cone gauge fixing procedure (see 
[20] and below) one could then obtain the superparticle light-cone gauge fixed action. 
One the other hand, there is a method [24] which reduces the problem of constructing 
a new (light-cone gauge) dynamical system to the problem of finding a new solution of 
the commutation relations of the defining symmetry algebra (in our case psu{l, 1|2) ® 
Psm(1, 1|2)). This method of Dirac was applied to the case of superparticle in AdS^, x 

in [21] (see also [25]) and here we would like to demonstrate how it works for the 
superparticle in AdS^ x . Quantization of superparticle determines the quadratic part 
of the action of type IIB supergravity expanded near AdSz x background. 

In the light-cone formalism the generators of the psu{l, 1 12)© psu{l, 1 12) superalgebra 
can be split into the two groups: 



which we shall refer to as dynamical generators. The kinematical generators have pos- 
itive or zero J'^" (Lorentz) charges, while the dynamical generators have negative J'^~ 
charges. It turns out that in the superfield realization the kinematical generators taken 
aX — Q are quadratic in the physical fields,^ while the dynamical generators receive 
higher-order interaction-dependent corrections. The first step is to find a free (quadratic) 
superfield representation for the generators oi psu{l, 1|2) ©psM(l, 1|2). The generators 
we obtain below we will be used for the description of IIB supergravity in AdS^ x 
background. 

Let us explain step by step how the method of [24] works in the present case: First, 
we introduce a light-cone superspace on which we are going to realize the generators of 
our superalgebra. The superspace coordinates include the position coordinates ^ z oi 

^In general, they have the structure G = G\+ x^G2 + (x"'")^G3 where Gi is quadratic but G2, G3 
contain higher order terms in second-quantized fields. 




(3.1) 



P-, K-,Q-\ Q-,S-\S- , 



(3.2) 
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AdSs, a unit vector -u^ representing S^, and the Grassmann coordinates 6^, rf. In this 
parametrization the metric of AdS^ x is (M = 1, 2, 3, 4) 



ds" = ^{2dx+dx- + dz") + du'^du^ , u^u^ = 1 (3.3) 



In formulating our results we shall trade the bosonic coordinate x~ and the Grassmann 
coordinates 6^, 77* for the bosonic momentum p+ and the Grassmann momenta Aj, 'di. 

Let us start with the kinematical generators and consider them on the surface of the 
initial data x'^ — 0. The kinematical generators which have positive J+~-charge are 
fixed to be 

P+ = p+ , X+ = l^V , (3.4) 

Qt = X,, Q+'=p+e' s^ = ^z^,, S+^ = ^zp+7j\ (3.5) 

where the coordinates 9'', rf and their momenta Aj, satisfy the canonical anticommu- 
tation relations 

{\,,e^ = 5l, {^^.v'} = 5i (3.6) 

Let us note that in the language of an action based on a supercoset construction the 
above parametrization of the kinematical generators corresponds to special choices of 
(i) coset representative and (ii) light-cone gauges for 1-d diffeomorphism symmetry and 
K-symmetry. In fact, these choices may be motivated by a simple form of the resulting 
generators. 

Once the above generators are chosen, the remaining kinematical generators which 
have zero J^~-charge are fixed by the commutation relations of the superalgebra 

J+- = d^+p+ - l^A - ^r^^? + 1 , L> = -d^+p+ + zd, + U\ + - i , (3.7) 

j^, = + rj^^, - l^jr^^ , j^, = + e^Xj - ^s^.ex , (3.8) 

where dp+ = d/dp^, dz = d/dz. The orbital parts Pj and Pj of the angular momenta 
and are given by 

1 ~ 1 

n („MN\i jMN ji ^ (-MN\i jMN (n n^ 

' 3 = ) 3^ ' ' J = ^('^ ) P ' (3-9) 

where the so(4) orbital momentum l^^ can be chosen as^ 

IMN ^^MqN _^NqM _ (3^^0^ 

Here is covariant tangent derivative on which is by fixed by the constraint u^d^ = 
and by the commutation relations 



^Note that the concrete parametrization of the part is not very important to us as in the case of 
the superparticle all the generators are expressed in terms of the orbital part of the angular momentum. 
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[a^, = , [a^, a^] = - = - H^K^ . (3.11) 

The operator I'^j satisfies the following basic relation 

= ^/'^j + f ^ , (3.12) 

where = l^jPi. The same relation is true for The Hermitean conjugation rules are 

Al=p+^S 9'^ = ^, ^1=pV, ^'^ = ^, (9,+p+)t = + + - 2. 

(3.13) 

Once the all the kinematical generators are fixed, the dynamical generators are found 
from the commutation relations of the basic superalgebra (for details see Appendix C) 

^ {dl - \a) , (3.14) 



QT = ^(-^^^^ - ^M^^ + j-/^ + ^(^OO , (3-15) 

Q-i ^ ^{ri'd, - \ri\^d) + ^rt + , (3.16) 

K-^-S^S- ^(1^^2X19), (3.17) 

= - (wy , s- = - ■^{xi)i , (3.18) 

where the operators A, S and are defined by 

A = X-l, X = 21^ + m?] + {r)'& - If , (3.19) 

S = -dp+p+ + i^a, + 9X + lr]^-l, S = dp+p+ - \zd, + l (3.20) 

and we used the notation 

= djPi , {IriY = I'jri' , (A/), = XjPi , {ley = r.-ry^' , {mrj) = diV^rf , (3.21) 

l'^ = PjPi, ? = PjPi, r)^ = r]%, 9X = 9'Xi (3.22) 

In the light-cone approach the operator P~ plays the role of the (minus) Hamiltonian of 
the superparticle. The expressions for the supercharges can be rewritten as follows 

Qr = -^(^A + ^[^.4' Q"'-7f(^^^^ + ^[^^4 ■ (3-23) 

As in [26,27] we shall call A in (3.19) the AdS mass operator. This operator satisfies 
the following basic relation 

Al [d,, A]} + 2[r^\ A]{}, + 2[^,, A]^^ = -AA5] , (3.24) 

which is useful in checking that {Q^ ., Q^-'} = —SjP'. Let us note that A is equal to zero 
only for massless representations which can be realized as irreducible representations of 
the conformal algebra [27, 28], i.e. of so(3, 2) in the case of AdS^.^ Below in Section 4.2 

^The values of this operator for various fields are discussed in [29]. 
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we shall demonstrate that A is not equal to zero for the whole spectrum of the x 
compactification of type IIB supergravity to AdS^. 

The generators given above were defined on the initial data surface x'^ — 0. In general, 
they have the structure G — G{x'^,X{x'^)) where X stands for all of the dynamical 
variables. Let us use the notation 

G'U+=o = G'(0,A'(x+)) . (3.25) 

The generators G\x+^q can be obtained from the above expressions by expressing the 
dynamical variables X in terms of light-cone time variable x'^ using the Hamiltonian 
equations of motion which arc postulated in our approach. The form of the generators 
for arbitrary x~^, i.e. G{x~^ , X{x~^)), is then found from the conservation laws for the 
charges 

J+- = j+l^+^Q + x+p-, L) = L'+U+=o + a;+P- , (3.26) 

K+ = ir+U+=o + x+{D\,+=o + J+-U+=o) + X+^P- , (3.27) 

St = StU+=o - ix+Q- , S+' = S+%+=o + ix+Q-' . (3.28) 

The remaining generators do not have explicit dependence on x^, i.e. they have the 
structure G{x+,X{x+)) = G{0,X{x+)). 

4 Light-cone gauge superfield formulation of 
type IIB supergravity on AdSs x 

In this Section we shall present the light-cone gauge superfield description of type IIB 
supergravity on AdS^ x backround, implied by the quantization of the superparticle 
described in the previous Section. Linearized equations of motion for fluctuations of 
supergravity fields in AdS^ x x K3 background and the corresponding spectrum were 
found in component form [22]. We shall use instead the light-cone superfield approach. 

This analysis can be viewed as a step towards understanding the spectrum of string 
theory in AdS^ x 5"^. As is well known in the case of (super) strings in flat space, 
reproducing the correct spectrum of the massless modes plays an important role in 
determining a consistent quantization scheme. The AdSs x spectrum we shall find 
below should be a useful guiding principle in quantising superstrings in this space. In 
particular, the operator ordering and renormalization scheme should be chosen so that 
the ground state of the superstring theory in AdS^ x (with R-R 3-form background)^ 
will have the spectrum described below. 

Finding even the quadratic part of the action for fiuctuations of the supergravity fields 
in a curved background is a complicated problem. There are two ways of determining 
spectra of compactiflcations of the type II supergravity. The flrst one uses oscillator 
construction [30]. The second one is based on the analysis of equations of motion [22, 
31]. In our construction of the spectrum we shall follow the second approach. A new 
element which substantially simplifies the analysis is the use of the light-cone superfield 
formulation. 

^The selection of R-R as opposed to NS-NS background is pre-determined by our choice of the basic 
superalgebra in Section 2. 
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4.1 Quadratic light-cone superfield action 

We could in principle use the covariant superfield description of type IIB supergavity 
[32] , starting with linearized expansion of superfileds, imposing light-cone gauge on fluc- 
tuations and then solving the constraints to eliminate non-physical degrees of freedom 
in terms of physical ones. That would be quite tedious. The light-cone gauge method 
provides a self-contained approach which does not rely upon existence of a covariant 
description and which gives a much shorter way to arrive to final results. The key 
idea is that, as in fiat space [33], the superparticle supercharges found in the previous 
Section provide realization of the generators of the basic psu{l, 1|2) Q)psu{l, 1|2) super- 
algebra in terms of the differential operators acting on the scalar supergravity superfield 
z, u, 9, rj). It is convenient to Fourier transform to the momentum space for all of 
the coordinates except the radial AdS^ coordinate z and directions . This means 
using p"*", Aj, 'di instead of , 6\ (Aj and 'di are in the fundamental representations of 
su{2) and su{2)). Thus our basic superfield will be $(a;+, p"*", z, u, A, i?) with the following 
expansion in powers of the Grassmann momenta Aj and ^9, 

^x+,p+,z,u,X,^) = p+0 + AiV'i + ^iV'2 + (eA')0i + A,i?,0^-' + (et?2)0t 



+ -((6A)^(e^^)C + (emeym*) - ^{eX'){e^'W , (4.1) 

where the coefficients 0, 0i, 02; V'l! V'2 are functions of x~^, the momentum p"*" and the 
bosonic coordinates z^u'^ . We used the notation 

(eA^) ^ ^e^^A,A, , (eA)^ ^ e^^A, (4.2) 

and the same for t?. The only constraint which this superfiled is to satisfy is the reality 
constraint 

$(-p+, z, u, A, t?) = {p+f j d^XU^^^ e(^'^»'+'^'<)/P^ ($(p+, z, u, X, 7?))^ , (4.3) 

where we assume the convention (AiA2)^ = A^AJ. This reality constraint implies that the 
component fields 0, 0n sac related to df.di^^ by the Hcrmitcan conjugation rule for the 
Fourier components, i.e. (0*(— p^))* = 0(p"'"), (0*(— p"^))* = 0„(p+). Eq. (4.3) leads 
also to the following selfduality condition 

= -e^^e^Vr(-p+) ■ (4.4) 
The light-cone action has the following 'non-covariant form' 

S = J dx+dzdp+d^ud^XdH *(-p+, z, u, -A, \p+{id^++p-)] *(p+, z, u, A, ^) , (4.5) 

where the Hamiltonian density (— -P~) is given by (3.14) and d^u stands for the volume 
element, i.e. d^uS{u^u^ — 1). 

Transforming back to the position coordinate x~ this action can be cast into 'relativistic- 
invariant' form 

S=l [ d^xd^u d^X $(x, u, -A, -1?) (□ - \a) $(x, u, a, ^) (4.6) 
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where □ is the flat D'Alembertian □ = 2dx-dx+ + 9^, and (Px = dx^dx~dz. 

As was already mentioned above, the superparticle charges found in Section 3 give 
the representation of psM(l,l|2) ® psu{l,l\2) in terms of differential operators acting 
on the supergravity superfield We can thus write down the "superfield-theory" (or 
"second-quantized") realization of of psu{l, 1|2) ®psu{l, 1|2) generators 

G = j dp+dzd^u d^X d¥ p+<!>{-p+, z, u, -A, G z, u, A, , (4.7) 

where G indicates representation of psu{l,l\2) ®psrt(l,l|2) superalgebra in terms of 
differential operators given in previous Section. 



4.2 Harmonic decomposition of the light-cone superfield 
and the spectrum 

The light-cone description given above provides a convenient way to analyse the har- 
monic decomposition of basic component flclds and thus the corresponding spectra of 
fluctuation modes. A nice feature of this approach is that this can be done at the level of 
superfields, i.e. in a manifestly supersymmetric way. The action (4.6) gives the following 
equation of motion for the basic superfield $ 

(□ - ^A)^ = . (4.8) 

z 

To find the spectrum we are thus to decompose $ into the eigenvectors of the AdS mass 
operator A defined in (3.19). Let us first make the standard harmonic decomposition 
(we absorb the coefficients of the expansion in the 'basic' vectors)^ 

oo 

$ = ^ $fc , (4.9) 

fe=0 

where are the so(4) harmonic superfields, satisfying, by definition, 

2/2$, = A;(A; + 2)$fe . (4.10) 

Wc can further expand each in power series with respect to the Grassmann momentum 
writing 



^k^J2^k,a, (4.11) 

(7=0 

where ^i;,a satisfies 

2l'^k,a = Hk + 2)^k,a , V^^k,a = (2 - a)^k,a ■ (4-12) 

These equations tell us that the harmonic superfield ^k,a is a polynomial of degree a in 
the Grassmann momentum i?. Prom the expression for the operator X (3.19) it is then 
clear the superfields ^k,o are its eigenvectors 

X$fc,o = (A: + l)'$M . (4.13) 



^In this subsection the index k is used to indicate the Kaluza-Klein modes. 
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It is easy to demonstrate that $^^2 are also the eigenvectors of X with the same eigenval- 
ues, i.e. X$k,2 = {k + l)^$fc^2- This gives the following equations of motion determining 
the part of the mass spectrum corresponding to ^k,o, $fc,2 

/ (2A; + 1)(2A; + 3)n^ ^ / (2A; + 1)(2A; + 3)n ^ ^ 

(° - ^ ^2 = , (□ - ^ ^)$,,2 = . (4.14) 

It turns out that the remaining superfields $fc i are not eigenvectors of X. They can be 
decomposed, however, into the eigenvectors of this operator as follows (for details see 
Appendix B) 

$,,1 = $a + $g , (4.15) 



where 



^^l = i^^-^m^m,l: k > ; (4.16) 
2 



= ^>0. (4.17) 

Here $^ ^ does not depend on the Grassmann momentum but still depend on Grass- 
mann momentum A. Then 

Mi = , + , (4.18) 

and this gives the following equations of motion 

^^ Ki^O. (□ - (a™±i))<) . . (4.19) 

determining the spectra of these superfields. 

Note that the operator A is equal to zero (i.e. X = ^) only for massless repre- 
sentations which can be realized as irreducible representations of the conformal algebra 
[27, 28] ( so(3, 2) in the case of AdS^). Prom the above spectra one can see that the mass 
terms, i.e. the eigenvalues of the operator A, are never equal to zero. That means, in 
particular, that the fiuctuation modes for the compactification of IIB supergravity on 
do not satisfy the conformally invariant equations of motion in AdS space. 



5 Light cone superstring action 
in AdSs x R-R background 

In this Section we shall find the form of the type IIB superstring action in AdS^ x 5*^ x 
background with R-R 3-form flux in the hght-cone gauge. The Green-Schwarz action for 
a superstring background was constructed in [14-16] following a similar construction for 
AdS^ X case in [3]. Our discussion of light-cone gauge fixing will also repeat closely 
the same steps as in refs. [19,20] where the AdS^ x S*^ case was treated. 

In fiat space superstring light-cone gauge fixing procedure in fiat space consists of 
the two stages: 

(I) fermionic light-cone gauge choice, i.e. fixing the K-symmetry by F'^O^ — 
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(II) bosonic light-cone gauge choice, i.e. using the conformal gauge^ \/gg^^ = V'^'^ 
and fixing the residual conformal diffeomorphism symmetry by x~^{t, a) = p^T. 

Our fermionic K-symmetry light-cone gauge will be different from the naive V^O^ — 
but will be related to it in the flat space limit. It will reduce the 16 fermionic coordinates 

to 8 physical Grassmann variables: "linear" ^* and "nonlinear" 77* and their Hermi- 
tian conjugates 9i and rji. As in the case of the superparticle the 2-d fields 9i and r^*, 
Tji transform according to the fundamental representations of SU (2) and SU (2) respec- 
tively. The superconformal algebra psu{l, 1|2) ®psu{l, 1|2) dictates that these variables 
should be related to the Poincare and conformal supersymmetry in the light-cone gauge 
description of the boundary theory. As in the case of superparticle the superstring action 
and symmetry generators will have simple (quadratic) dependence on but complicated 
(quartic) dependence on The light-cone gauge action can be found in two related 
forms. One of them corresponds to the choice of the Wess-Zumino type gauge in super- 
space while another is based on the KiUing gauge. These "gauges" or "parametrizations" 
do not reduce the number of fermionic degrees of freedom but only specialize a choice of 
fermionic coordinates. 



5.1 Fermionic light-cone gauge action 
in WZ parametrization 

Let us consider first fixing fermionic light-cone gauge in the action written in the WZ 
parametrization. This action turns out to be more convenient for reformulation of super- 
string action in terms of 2-d Dirac spinors (see next Section). Using the parametrization 
of the basic supercoset [PSU{1, 1|2) x PSU{1, l|2)]/[50(2, 1) x 50(3)] described in Ap- 
pendix E and fixing a light-cone gauge the AdS^ x superstring Lagrangian can be 
written as the sum of the bosonic term, term quadratic in fermions and quartic fermionic 
term 

C = CB + Cf +Cf . (5.1) 

Here 



(5.2) 



2 Mr . 2 

where e^' is the projection of the vielbein of which in the special parametrization we 
will be using is given by 

< = -\Tr{a^' d,UU-') + '-Tr{a^' d,UU-') , (5.3) 

U'j = {e^Yj , IJ'j = [e-yfj , U^U = I , WU = 1 , (5.4) 

where the trace is over i,j = 1,2,3. The matrices U G SU{2), U G SU{2) depends on 3 
independent coordinates 

use Minkowski signature 2-d world sheet metric g^i, with g = — dstg^i,. 
^Note that it is these fermionic coordinates that are most suitable for light-cone gauge fixing of 
kappa symmetry in AdS space, both in the superparticle and superstring cases. These coordinates were 
introduced in [21] in the study of light-cone gauge dynamics of superparticle in AdS5 x S^. Light-cone 
gauge superstring action in AdS^ x written in terms of these coordinates was found in [19] . 
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y^- ^ ^/V^Y. , ifjT = -y'^ , y\ = o, (5.5) 

where a"^' are 3 Pauli matrices. The quadratic part of the fermionic action is 



T^Vaa'^'^-OrV.e' - V^'D.V' + '^m<jri^) + e^'^'r^'C'.p.e^ + h.c. . (5.6) 



The e^'' dependent (P-odd) term in (5.6) came from the WZ term in the covariant GS 
action on the supercoset. We used the following notation 



Vt]' ^ drf -n' jT]^ , Vr]i^dr]i+r]jD,^i, Vd' ^ dO' -Q' ^9^ , VO^^ dOi+ejQ^ , (5.7) 

e^, ^ {a^')\^e^' , (5.8) 

and V = da^V^ , e*j = da^e^^j where o"^ = (r, a) are 2-d coordinates. V are 
the generalized spinor derivatives on 5''^. They have the structure V = d + Q''jJ^i, 
T> — d + and satisfy the relation "D^ = 0, = 0. The connections Q'j, Cl'^j are 

given by 

Q = dUU'^ , Q = dUU-'^ , dQ-QAQ = 0, dQ-QAQ = 0, (5.9) 
and can be written in terms of the 5*^ spin connection u^'^' and the 3-bein e^' as follows 



ilj^--[a ) jU +-((7 ) jC , ilj^--[a ) jU --{cr ) je .(5.10) 

C[j is the constant charge conjugation matrix of the 5*0(3) Dirac matrix algebra (see 
Appendix A). The Hermitean conjugation rules are: 6\ = 6'\ r]} = r]^. 

The quartic fermionic term in (5.1) depends only on half of the Grassmann variables 
- on ?7 but not on 9 

^^f = 2y/gg''''e^%x+d,x+{r}\y (5.11) 



5.2 "2-d spinor" form of the action 

Like in the flat space case [34] and in the "long string" cases in AdS^ x [9] the 
resulting action can then be put into the "2-d spinor" form, where the 4+4 fermionic 
degrees of freedom are organized into 2 Dirac 2-d spinors, defined in curved 2-d geometry 
(we shall follow similar discussion in AdS^ x 5"^ case in [19]). Such action may be useful 
to estabhshing a relation to NSR formulation. 

In order to do that one needs to impose, addition to fermionic light-cone gauge, the 
bosonic light-cone gauge. Using the following light-cone gauge [35] 

x+^r, ^g^^ = diag(-e-^^ e^^) . (5.12) 
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we can write the kinetic term (5.6) as 



4'^ = \{0{boe' + mi>oV' - 2ir/.e^,V) + e^^r]%V,e' + h.c. , (5.13) 

where we used the relation Vt]^ = P?7* — ie'^Ty^ (see (5.10)). Introducing a 2-d zweibein 
corresponding to the metric in (5.12) 

= diag(e2^ 1) , g,^ = -eje° + e^e^ , (5.14) 

we can put (5.13) in the 2-d form as follows 

e-'jC-P = -'-iig^e'^^V^'ilj + '-iPi/jd,<P - V2iPieijg-i/j^ + h.c. , (5.15) 
where g"^ are 2-d Dirac matrices, 

^° = i(72, g^=cri, g^ = g^^ g^ = as , g"^ = -^{g"^ ± g^) , (5.16) 

■ipi = {ip'^Yg^, "ipip stands for 'ipiip'^, ip'^ denotes the transposition of 2-d spinor and ■^'s are 
related to the original (2-d scalar) fermionic variables 6''s and r^'s by^ 

V^^ = ( J^i ) , = - KC'-')%] , = ^[^^ + ^ic'-'rvj] ■ (5.17) 

The quartic interaction term (5.11) then takes the following form 

= -(V^i^-V'T ■ (5-18) 

The total action is thus a kind oiG/H bosonic sigma model coupled to a Thirring-type 
2-d fermionic model in curved 2-d geometry (5.14) (determined by the profile of the radial 
function of the AdS space), and coupled to some 2-d vector fields. The interactions are 
such that they ensure the quantum 2-d conformal invariance of the total model [3]. 

The mass term 'ijji/jdi(f) in (5.15) is similar to the one in [9] (where the background 
string configuration was non-constant only in the radial direction) and has its origin 
in the e'^" e^'^d^x^ di,(f)r]^C'^j9^ term appearing after r) ^ 6 symmetrization of the e'^^ term 
in (5.6) (its 'non-covariance' is thus a consequence of the choice = r). The action 
is symmetric under shifting ■i/;* — > -|- g~e^, where e* is the 2-d Killing spinor. This 
symmetry refiects the fact that our original action is symmetric under shifting 9'' by a 
Killing spinor on S^. 

Note also that the 2-d Lorentz invariance is preserved by the fermionic light-cone 
gauge (original GS fermions 6 are 2-d scalars) but is broken by our special choice of 
the bosonic gauge (5.12). The special form of gf^ui/ in (5.12) implies "non-covariant" 
dependence on in the bosonic part of the action: the action (5.2) for the field and 
the 3-sphere coordinates has the form 

Cb = - ^e^^c^^ + Ic^.ie-^'f'rr - e't^rf) , (5-19) 



^In our notation iV'i£''"VmV' = -iV'kVo - Vi)V'i - i^'^Vo + Vi)V'2, Vm = e^^9^. 
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where G^g is the metric of 5-sphere {y^ arc coordinates of S"^). A consequence of the 
unusual g^i, gauge choice in (5.12) compared to the standard conformal gauge is that 
now the part of the action is no longer decoupled from the radial AdSz direction 0. 



5.3 Fermionic light-cone gauge action 
in Killing parametrization 

Now let us consider the string action in the Killing parametrization. The action is 
again formulated in terms of 6 bosonic coordinates (x^,0, y^) {A label 3 independent 
coordinates of S^) in terms of which the metric of AdS'i x is 

ds^ = 2e^'f'dx^dx~ + dcp^ + G^,,{y)dy^dy'' , (5.20) 

and 8 fcrmionic coordinates {6\6i), {j]'\r]i) in the fundamental representations of SU{2) 
and SU(2) respectively. In contrast to the WZ parametrization, the fermions in the 
Killing parametrization transform in the linear representations of SU (2) and SU{2), and 
thus the covariant derivatives in WZ case (5.7) here will become ordinary derivatives. 
The Lagrangian is given by the sum of the "kinetic" and "Wess-Zumino" terms (see 
Appendices A and B for notation) 



Ckin = -^g>'''[e"^d^x+d,x- + ]^d^(l>dA + ]^G^MD^.y^D,y'' 
\^/99'"'e^'^d^x+ [e^dJi + Bid J' + ri'd^rii + rhd^r)' + ie''^d,x+{r)Y 



Cwz = e^'-'e^'^d^x+Tj'Cl'jd.e' + h.c. , 



where 



(5.21) 
(5.22) 

D^y^ = d,y^ - 2i7],{V^y,v^e'^d,x^ , = U^C'^^U', . (5.23) 

Here G^g and {V-^Yj are the metric tensor and the Killing vectors of respectively (see 
Appendix A). This form of the superstring action (which we shall call "intermediate") is 
most convenient for deriving other forms which differ in the way one chooses the bosonic 
coordinates that parametrize AdSa x S^. For example, a useful form of the action is 
found by introducing a unit 4- vector u'^ defined 



u = n sm \y\ , 
in terms of which the AdS^ x metric is 



u = — cos \y\ , 



(5.24) 



ds^ = e^'I'dx^dx'' + del)'' + du^du^ 
Then the string action takes the form 



(5.25) 



jCkin = -y/99''''[e''%x+d,x- + ^d^<f>d,<l>+^D^u''D,u 



M 
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(5.26) 



3) ' 



(5.27) 

where we used the relation Cf^ = —\C[^u^j, made the rescahngs 77* ir]\ rji — > —irji and 
introduced the following notation 

[a ) jU , 



u 



{R 



y 

M\i 



MN\i „.N 



(5.28) 
(5.29) 



with a^^ defined in (A.4). Note that 

Vij: y^'' transform in the fundamental rep- 
resentation of SU{2) with respect to the index i and in fundamental representation of 
Stl (2) with respect to the index j. They satisfy 



Vij = -y 



u 



{a'^YjU^ , u\{C'-^f' = u'k{C'-^T' . (5.30) 



,M 



■>-l\ki 



The parametrization based on is the most convenient one for the discussion of su- 
perparticle in AdS^ x 5"^ and of harmonic decomposition of the hght-cone superfield of 
type IIB supergravity into the Kaluza-Klein modes (see Sections 3,4). We shall use this 
parametrization in the study of the light-cone superstring Hamiltonian in Section 6. 

The superstring Lagrangian (5. 21), (5. 22) taken in any of its forms mentioned above 
can be represented in the following way 



= -h^^d^x+d^x- + d^x+A'' + ^h''''d^x^d,x+B - g^^D^y^D^y' 

C^^-^h''-e-''%<l>d,<l> + T , 



where 
and hi^^ is defined by 



D^y^ = d^y^ + F^d^x^ 



00 7,11 



01\2 



(5.31) 
(5.32) 
(5.33) 

(5.34) 
(5.35) 



The decomposition (5.31) is made so that the functions A^. B, F-^ depend (i) on the 
anticommuting coordinates and their derivatives with respect to both r and a, and (ii) 
on the bosonic coordinates and their derivatives with respect to the world sheet spatial 
coordinate a only. The reason for this decomposition is that below we shall use the 
phase space description with respect to the bosonic coordinates only, i.e. we shall not 
make the Lcgcndrc transformation with respect to the fermionic coordinates. 

In the case of the "intermediate" form of the action (5. 21), (5. 22) these functions are 



(5.36) 
(5.37) 



15 



6 Light cone Hamiltonian approach 
to superstring in AdSs x 

Our next task is to fix the bosonic part of the hght-cone gauge. We shall use the gener- 
alization of the phase space GGRT approach [36] to a curved AdS-type space described 
in [20], fixing the diffeomorphisms in AdS^ x cases by the same gauge condition as in 
fiat space. Most of the discussion below will follow closely Ref. [20]. 

6.1 Phase space Lagrangian 

Computing the canonical momenta for the bosonic coordinates 

--l^' '^-w- '"^ 

we get from (5.31) 

n = -/,00g-2^^+ _ h^i^-2^+ ^ (6.2) 

V+ = ~h'^Ox+ - h'^^x+ , (6.3) 

= -h^%^ - hP^y^ + , (6.4) 

p- = -hP^x- - hP^x- + A° - + V^F^ . (6.5) 

where = = q^^Vb- By applying the same procedure as in the bosonic case 

we find then the following phase space Lagrangian C — Ci-\-C2 (see [20]) 

+ ^(^''^" + ^'^^ + ^^y^) - + h''x+)A' + x^A' , (6.6) 

1 . . 

^2 = n0+^e^^tf + 0^) + -n0 + T. (6.7) 

Next, we impose the light-cone gauge 

x+ = T, =p+ . (6.8) 

Using these gauge conditions in the action and integrating over V~ we get the expression 
for /i^o 

/i™ = -p+ . (6.9) 

Inserting this into (6.6), (6.7) we get the following general form of the phase space 
light-cone Lagrangian^° 
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Note that the function T in (5.37) is equal to zero in the Ught-cone gauge (6.8). 
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^01 



(6.10) 
(6.11) 



This general form of the phase space Lagrangian can be speciaUzed to different choices 
of bosonic coordinates by using the corresponding functions A^, B, and F-^. For the 
"intermediate" case (5. 21), (5. 22) these functions are given by (5. 36), (5. 37) so that we 
get 



,24, 



2p^ 



Here = — (C^^)*, and we used the relation 



(6.13) 



By applying a coordinate transformation one gets the phase space Lagrangian corre- 
sponding to the case (5. 26), (5. 27) in which the part is parametrized by the unit 
4-vector 



,24, 



2p^ 



P 



(6.14) 



where Vm is the canonical momentum for and l^j in (6.13) has the following explicit 
form 



Here and below is for the classical orbital momentum (note that going to the super- 
particle limit, after the quantization we get V^^ = —id^ and then the classical orbital 
momentum (6.15) becomes the quantum momentum l^j in (3.9)). Taking into account 
the constraint u^V^ = (see (6.32)) we get 



I' 



'pMjyM 



(6.16) 
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The above Lagrangian leads to the following (minus) Hamiltonian 

P- = da V- , 
Jo 

where the Hamiltonian density —V~ is given by 

p20 



(6.17) 



2p^ 



U:' + ^^+2l''+u^u^+p+'\r}''f+Ap+r}irjr}' +e"^{ri\je' +riiy''ej) . (6.18) 



It should be supplemented by the constraint 

p+x- + U4> + Vmu^ + ^P^{0% + r)% + OiO' + r]4) - . (6.19) 

As usual, this constraint allows one to express the non-zero modes of the bosonic coor- 
dinate x~ in terms of the transverse physical ones. 

It is easy to sec that in the particle theory limit the superstring Hamiltonian (6.18) 
reduces to the superparticle one which was found in section 3 by applying the direct 
method of constructing relativistic dynamics [24] based on the symmetry algebra. Indeed, 
the (quantum, operator-ordered) superparticle light-cone Hamiltonian in (3. 14), (3. 19) 
can be rewritten as follows 

1 



2p^ 



e'^He'^H + e^^{2f + {p+rf - if + Ap+rjil^jr)^) 



(6.20) 



The string Hamiltonian (6.18) reduces to (6.20) modulo terms "quantum" terms pro- 
portional to T]^ and a constant (in string Hamiltonian we ignore operator ordering) . The 
derivation of the light-cone string action from the covariant one given above thus pro- 
vides, in the particle limit, also a self-contained Lagrangian derivation of the light-cone 
gauge superparticle Hamiltonian (3.14) (obtained indirectly from the symmetry algebra 
in Section 3) from a covariant action. This represents a consistency check on the two 
different methods used in Section 3 and in the present Section. 



6.2 Equations of motion 

The equations of motion corresponding to the phase space superstring Lagrangian (6.14) 



are 





p20 






P+ 












p+' 








— T'^ 




p+ 



p+ 



P 



77" = e 



2<f> 



2i 



24> 



2i 



(6.21) 

(6.22) 

(6.23) 
(6.24) 
(6.25) 



Wm + —{ill)i + —yije^ ,(6.26) 



P 



P^ 
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where ti*^^ is given by (3.11) and, as previously, do not distinguish between the upper 
and lower "S*^" indices M, N, i.e. use the convention Vm = . These equations can 
be written in the Hamiltonian form. Introducing the notation X for the phase space 
variables (11, 0, V'^ , , 9^, 9i, rf, rji), the Hamiltonian equations are 

X = [X,V-], (6.27) 

where the phase space variables satisfy the (classical) Poisson-Dirac brackets 

[n(a),0(a')] = 5(a,a'), (6.28) 

[V^{a),u''{a')] = v^'^Sia, a') , [V^ {a),V'' {a')] = {u^V'' - u''V^)5{a, a') , 

(6.29) 

{e,{aie^{a')} = ^5/5(<7,<7') , {r^,{alrf{a')} = ^<5^<5(<t, a') , (6.30) 

= = = [^o>^i] = ^^i- (6-31) 

Xq is the zero mode of x" so that [p"*", ] — 1- All the remaining brackets are equal to 
zero. The structure of (6.29) reflects the fact that in the Hamiltonian formulation the 
condition u^u^ — 1 should be supplemented by the constraint 

^MpM^Q_ (6.32) 

These are second class constraints, and the Dirac procedure leads then to the classical 
Poisson-Dirac brackets (6.29). To derive (6. 30), (6. 31) one is to take into account that 
the Lagrangian (6.14) has the following second class constraints 

Pe^ + ^P'-Oi = , p0,+ '-p+e' = , (6.33) 

where p^i, p0^ are the canonical momenta of fermionic coordinates. The same constraints 
are found for the fermionic coordinates 77*, 77^. Starting with the Poisson brackets 

{Pei. e'},.s. = H , Oj},,, = si , xo],.,. = 1 , (6.34) 

one gets then the Poisson-Dirac brackets given in (6. 30), (6. 31). 

7 Noether charges as generators of the superalgebra 

psu{l, 1|2) epsiz(l, 1|2) 

The Noether charges play an important role in the analysis of the symmetries of dynam- 
ical systems. The choice of the light-cone gauge spoils manifest global symmetries, and 
in order to demonstrate that these global invariances are still present one needs to find 
the Noether charges which generate them.-"^^ These charges determine the structure of 

^^In what follows "currents" and "charges" will mean both bosonic and fermionic ones, i.e. will 
include supercurrents and supercharges. 
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superstring field theory in the hght-cone gauge [37]. The first step in the construction 
of superstring field theory is to find a free (quadratic) superfield representation of the 
generators of the psu{l, 1|2) Q) psu{l, 1|2) superalgebra. The charges we obtain below 
can be used to obtain (after quantization) these free superstring field charges. 

The Noether charges for a superparticle in AdS^ x were found in Section 3. These 
charges arc helpful in establishing a correspondence between the bulk fields of type JIB 
supergravity and the chiral primary operators of the boundary theory in a manifestly 
supersymmetric way. Superstring Noether charges should thus be important for the 
study of the AdS/CFT correspondence at the full string-theory level. Our discussion 
below will be an adaptation to the AdS^ x case of the results for the currents in the 
AdS^ X case given in [20] . 

7.1 Currents for /^-symmetry light-cone gauge fixed 
superstring action 

As usual, symmetry generating charges can be obtained from conserved currents. Since 
currents themselves may be helpful in some applications, we shall first derive them 
starting with the ^-symmetry gauge fixed Lagrangian in the form given in (5. 26), (5. 27) 
and using the standard Noether method based on the locahzation of the parameters of the 
associated global transformations. Let e be a parameter of some global transformation 
which leaves the action invariant. Replacing it by a function of worldsheet coordinates 
T, cr, the variation of the action takes the form 

SS^J d'^ag'^d^e, (7.1) 

where Q'^ is the corresponding current. Making use of this formula, we shall find below 
those currents which are related to symmetries that do not involve compensating k- 
symmetry transformation. The remaining currents will be found in the next subsection 
starting from the action (6.14) where both the K-symmetry and the bosonic light-cone 
gauges are fixed. 

Let us start with the translation invariance Sx"' — e". Applying (7.1) to the La- 
grangian (5. 26), (5. 27) gives the translation currents 

r^'' = (7.2) 

+ e^''e^'^{ii'y,,dj^ + rny'^d,e^), = ir?,(a^^)',-7;^e V . (7.3) 

Some of the remaining bosonic currents can be expressed in terms of super currents. The 
invariance with respect to the super-transformations 

59' = e' , SOi = e, , Sx- = -'-e\ - '-6^9' , (7.4) 
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gives the supercurrents 

Q+^M = -^g>'''e^^e'd,x+ + \e^''e^'l'r]jy^'d,x+ , (7.5) 

Qt" = -V99'"'e^'^e,d,x+ + ie^'^e2^r7-'y,,a,x+ . (7.6) 

The invariance of the action (5. 26), (5. 27) with respect to the rotation of (super) coordi- 
nates in the {x^,x~) plane 

Sx^ = e±^x± , S{9\ 9i , rj\ rji) = e-'/''{9\ 9^ , rj\ rj^) , (7.7) 

leads to 

^ _ + -e'Q+f" + -^^2+^/^ , (7.8) 
while the invariance with respect to the dilatations 

Sx'^ = e^x" , S<f>^-e, S{9\ 9, , rj\ rji) = e'/\9\ 9^ , rj\ rji) , (7.9) 
implies conservation of the dilatation current 

V = x'^V^ + ^g^''d,<f) - ^9'Qt^ - UiQ^'^ . (7.10) 

The invariances with respect to the SU{2) {e\ = 0) and SU{2) rotations (e\ = 0) 

Sy'^^eW', i-e. = -^e^,■(a^^)^■,^^^ 5rj' ^ e'jrj^ , 5r],^-r)^eU, (7.11) 

5y^^ = eV, i-e. = -^e<(a^^)^',ii^ = = -^.e^, , (7.12) 

give the following SU (2) and SU (2) currents, respectively, 

J? = -iv^^^'^^(^"'^)^«'"^.«^ + (r/^r/, - \5]r^^)V+^ . (7.13) 

- i^g^^l^a'^'^r^u^'D^u'' + {9'9^-'^-S'^9^)V'-^ 

- ie>^''e'^d,x+{r^%9' - \8)rtyu9') + \e^' ^'^d,x^{j),y'^9^ - \b)7]ky''%) . (7.14) 

7.2 Charges for bosonic and /^-symmetry light-cone gauge fixed 
sup erst ring action 

In the previous Section wc have listed the (super) currents starting with the K-symmetry 
light-cone gauge fixed action given in (5. 26), (5. 27). They can be used to find currents 
for the action where both the fermionic /t-symmetry and the bosonic reparametrization 
symmetry are fixed by the light-cone type gauges (6.14). To find the components of 
currents iCi^) in the world-sheet time direction one needs to use the relations (6.2)-(6.5) 
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for the canonical momenta and to insert the hght-cone gauge conditions (6.8) and (6.9) 
into the expressions for the currents. The charges are then G = J da Q^. 

Let us start with the kinematical generators (charges) (3.1). The results for the 
currents imply the following representations 

P+ = P+ , Q^' = J p-^O' , Qt = J P^^i ■ (7-15) 

Note that these charges depend only on the zero modes of string coordinates (the inte- 
grands are parts of the corresponding currents in world-sheet time direction: 
Ql^ and — P^)- The remaining kinematical charges depend on non-zero string 
modes 

J+- = j x+V- - x-p+ , J x+V- + x-p+ - n , (7.16) 

A = / 1' J +p^v% - Is]pW , = / +p+e% - ^sye' , (7.17) 

where I'j is given by (6.15) and l^j = ^{a^^YjU^'^V^. The derivation of the remaining 
charges follows the procedure described in Appendix D of [20]. The conformal (su- 



per)charges are given by (3. 27), (3. 28) where 

5+U+=o = / ^e-Vr/. , ^+%+=o - / ^e-Vr/^ , (7.18) 

K^U=o = I -V^V- (7.19) 
The dynamical Poincare charges and the conformal charges S~\ are 

QT-J^ (i^^n - p+r)\ + 2r}jP, + yj^) , (7.20) 

Q~'-J^ (-i^'n - p+rj'rj' + 2rjrj^ - y'^Oj) . (7.21) 

= JS'S- fjO^ + ]^e-'t>d^{e'^r]j) y^' (7.22) 

Sr = j - e^Vi - le-'^a,(eV) Vji (7.23) 

S = ix-p+ - + , S = -ix~p^ + + . (7.24) 



Note that the G|3.+=o parts of the kinematical charges (3.1) can be obtained from the 
superparticle ones simply by replacing the particle coordinates by the string ones. The 
remaining dynamical generator K~ can be found by using the expressions found above 
and applying the commutation relations of ps-u(l, 1|2) ©psM(l, 1|2) superalgebra. 

Our classical charges are normalized so that after the quantization, i.e. the replace- 
ment of the classical Poisson-Dirac brackets (6.28)-(6.31) by quantum (anti)commutators 

[ , ]p.B ^ i[ , ] , { , ^ i{ , } , (7.25) 

redefinitions — iJ+^, D —iD, —K^, and appropriate operator ordering 

the charges satisfy the commutation relations oi psu{l, 1|2) © psu{l, 1|2) superalgebra 
given in (2.8)-(2.15). 
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Appendix A Notation and basic definitions 

In the main part of the paper we use the following conventions for the indices: 

a, 6 = 0, 1 boundary Minkowski space indices 
A,B,C — 1,2,3 coordinate space indices 

A', B', C' = 1,2,3 so(3) vector indices {S^ tangent space indices) 

M,N,K,L^1,...,4: so(4) vector indices 

i,j,k,n = 1,2 su{2) and su(2) vector indices 

li,^ = 0,1 world-sheet coordinate indices 

We decompose a;" into the light-cone coordinates = {x^, x~) where = -^{x^ ±x°). 
We suppress the flat space metric tensor rjab = (— , +) in scalar products, i.e. A"'B°' = 
TjabA'^B^. The 5*0(1,1) vector A"' is decomposed as A"' = {A'^,A~) so that the scalar 
product is A"-B°^ — A'^B~ + A~B'^. The derivatives with respect to the world-sheet 
coordinates (r, a) are 

X = Ot-x , X = dfjX (A.l) 

The world-sheet Levi-Civita e'*'' is defined with = 1. 

The four matrices {(T^Yj, {o'^Yj are off-diagonal blocks of the 5'0(4) Dirac matrices 
in the chiral (Weyl) representation, i.e. 

7^ = ( ""q ) , (^^)'.(^^)^ + (^"^)^.(^^)^ = 25^^5i , (A.2) 

CLia'^r, = C'^,{a^)\ , {a^T, = (^^)^'. , (A.3) 
where C is a charge conjugation matrix, defined by 



^^MNy, ^ l(^M).^(-iV). . _ (M ^ TV) , (a^^)^, ^ ^(^"')^.(0'.- - (M ^ AT) 



We use the following explicit form of cr^, cr^ and C'^j 



(A.4) 



a^={a^\-il), a^' = {a^',il), C^j = C€ij , \c\ = 1 . (A.5) 
We also use the matrices defined by 

pf^ ^ ci^ia^'f, , {p^r^ ^ -ia^)\{c'-'r^ , {pf^r = -ip^'r (a.6) 
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We assume the following Hermitian conjugation rule for the fermionic coordinates and 
the notation for their squares 

Ol-0\ V}-V\ 0' = 0%, V' = V\- (A.7) 

The generators of the su{2) and sn(2) subalgebras of so(4) 

^jMN^ jKL^ ^ ^NKjML ^ 3 ^^^^ ^^_g^ 

are defined by 

1 ~ 1 

J j = -((T ) jJ , J j = -[o- ) jJ . (A.9) 

The translation operator J^^' on 5"^ is 

J'^' ^'^{a^y^{J',-J',),. (A.IO) 

The coset representative of 5"^ defined by Qy = exp{y^' J'^^') takes then the form given 
in (E.6) below. In terms of these coordinates, the 3-sphere interval, metric tensor and 
vielbein are given by 

dsls = + sin^||/|(is|2 , (is|2 = dn-^dn^ , n-^n-^ = 1 , (A. 11) 

G.S = ef ef , = ^(^f - n,n^') + n^n^' , (A.12) 

I y I 

sin^ \y\ 

Gab = I 12 {Sab - n^^s) + n^ne , n,-^ = — , \y\ = JyA'y^'. (A. 13) 

\y\ \y\ 

We use the convention = S'^iy^' and the same for n"^'. The 5"^ Killing vectors V^' 
and V"^^ corresponding to the 3 translations and 3 SO {3) rotations are 

V^' = [\y\ cot \y\i5^'-^ - n^'n^) + n^'n-^]dyA , V^'^' = y^'d^^, - y^' d^A' . (A.14) 

They can be collected into the SU (2) combination 

{V^YA- = ^(^^'"Y.^^'^' + ^(^^Y.^^' ■ (A.15) 
These relations and (5.24) imply the following relations 

Gab{vV^v){vV''v) = m^rjf , GAB{riV^ri)dy'' = {t^R'' r^)du'' , (A.16) 

where is defined by (5.29), which have been used to transform (5.21) to (5.26). 
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Appendix B Light-cone basis of psu{l, 1|2) 0psi^(l, 1|2) 

Here we explain the relation between the su{l, 1) © su{2) covariant and light-cone bases 
of the psu{l, 1|2) algebra and define the light-cone basis of psu{l, 1|2) ©psrt(l, 1|2). We 
find it convenient to introduce intermediate basis defined by 

1 1 

m"^~ = —m^i , m"*"^ = —j=m?i , = -/=m}2 , (^-1) 

V 2 V 2 

= = = q-^ql- (B.2) 

In this basis the Hermitean rules for supercharges take conventional form {q'^^'Y = qf , 
(g-*)t = q- ^ for the (anti) commutators one has 

[m+-, m±^] = ±m±^ , [m+\ m-'] = -m+- , [m+-, qf] = ±^gf , (B.3) 

qf) = -aV25>±^ , } = a(5im+- ^ m'j) , (B.4) 

m+i] = -^q+' , [q+\ m"^] = -^g- . (B.5) 

The light-cone basis of psu{l, 1|2) ® psit(l, 1|2) superalgebra is defined by 

P+ = \/2m+^ , P- = \f2m-^ , K+ = V2m+^ , K' = v^m"^ , (B.6) 

J+- = m+~ m+~ , i:) = - , = m'^- , J'j = m'^- , (B.7) 

g+^ = g+% Q+ = g+, g-' = g-S g- = ?-, (B.8) 
^-^ = ag-% Sr^d*qr, ^ aq+\ S+ ^ a*qt . (B.9) 

The constants a, a are chosen to be a = — i, a = i. Then the commutation relations are 

= [J+-,P1=±P±, [J+-,K±]=±x±, 

Qt] = -\Qf, [D, Sf] = |5± , [J+-, ] = ±|g,± , [J+-, 5f ] = ±|5f , 



{Q+S = i( J+- - D)S^. - J^j , {Q-\ S+} = i( J+- + D)S] + J^j . (B.IO) 

The supercharges Q~ , Q~^, 5"+*, Sf transform in the fundamental representation of su{2) 
i.e. they are rotated only by J*j and satisfy (2.13). The remaining supercharges Q"*"*, 
Qf^ 5*^*, Si' transform in fundamental representation of su{2) i.e. they are rotated only 
by J*j and satisfy (2.14). All the generators except K"^ and P"^ satisfy the Hermiteant 
conjugation rules in (2.6), while K"^ and are taken to be anti-Hermitean: (P^)^ = 
—P^, {K^)^ ~ —K^. The hght-cone basis for generators described above is used in the 
calculation of the Cartan forms in Appendix E. Making the substitutions P^ — > iP^, 
—iK^ we obtain the basis used in Sections 2-4. 
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Appendix C Derivation of supercharges 

Here we would like to demonstrate how the knowledge of kinematical charges and com- 
mutation relations of snpcralgebra allows one to get dynamical charges systematically. 
Consider, for example, the dynamical supercharges whose most general form is 

= Q-'{p+, , z, 9„ 9, A, rj, ^) , (C.l) 

where a dependence on is not shown explicitly. From [P+, Q~''] = we get 

Q- = «g-(p+,^,9„^,A,r7,^), (C.2) 

i.e. we learn that does not depend on dp+. From {Q~\ Q'^-'} = we get 

'''Q-\p+, z, d,, e, A, V, ^) = '\-\p^, z, a„ e, r/, ^) , (C.3) 

i.e. Q^* docs not depend on A. The anticommutator {Q~^, Qj^} — tell us that 
does not depend on 9, i.e. 

'\-\p+, z, d,, 9, 77, 7?) = '"Vip-", z, d,, V, ^) ■ (C.4) 
From [Q-\ K+] = S+' we get 

= ^V'd. + '\-\p^. z, 7J, ^) , (C.5) 



I.e. 



= + '"'Q-'ip"-, z, ri, 7?) , (C.6) 

and from {Q~\ S~^^} = we get 

= -^^^M + ''V\p^,z,r^) (C.7) 

i.e. 

= -L^^a, - -^^/m + '''Q-'{p^, z, t]) . (C.8) 
The second anticommutator in (2.12) gives 

'''Q-\p\ z, = + ^{Irit + '\-\p-', z) , (C.9) 

and the su{2) covariance implies ^'^^Q~^{p'^ ■, z) = 0. Taking this into account and plugging 
(C.9) into (C.8) we get given by (3.16). Using the Hermitean conjugation rule 

(Q")^ = Qi we get the expression for Q~ in (3.15). The anticommutator {Q~ ^Q~^} = 
—P^Sj determines , i.e. the Hamiltonian. The remaining dynamical generators K~ , 
S^', can be obtained in a similar way. 
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Appendix D Eigenvectors of AdS mass operator 

Here we would like to explain the procedure of finding the eigenvectors of the AdS mass 
operator A or the operator X in (3.19) in Section 4.1. Since the superfield ^k,a in (4.11) 
diagonalizes the operators P and rji) we have to diagonalize the operator -dlrj = 'dil^^rj^, 
i.e. to find the solution to equation 

^Ir) = m , (D.l) 

where m is an eigenvalue. We look for the following most general solution 

^k,i = {^i + c{M)M,i , (D-2) 
where does not depend on and c should be determined. Making use of 

{(^0.-, im = 1(1' + 2«<^i + iv^ - (D.3) 

and Tj^^l i — we get 

(mri)^,,, = ((1 + c)m + ^^^c^O^M ■ (D-4) 
From (D.l) we find then the equations 



t^tl^c^m, (l + c)=mc, (D.5) 



which are solved by 



mW = -^, c« = ^(2)^^, c(2) = -^. (D.6) 

2 ' k + 2' 2 ' k ^ ^ 

Thus we have the two solution and the two eigenvectors 

= - ^(^00^1,1, = - limn,! ■ (D-7) 

Taking into account the relation 

2f^^f = k{k + 2)$i^f' , (ry^ - l)$gf ) = , (D.8) 

and the eigenvalues mS^^ and m*^^-* of 'i?Z?7 given in (D.6) we get the following eigenvalues 
of the operator X 

= , = + 2)^<! . (D.9) 
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Appendix E Superstring action 

The standard kinetic term of superstring action in AdSs x [14-16] 

= -l^gg^^iL^L^ + Lt'L^') , (E.l) 

can be rewritten in conformal algebra notation as [19] 

Ck^n = -\^g^''{LlLl + L,^L,, + L^J L^') , (E.2) 
where the Cartan 1-forms 

^ K - \k , L^' ^ —{^""'r^LU + \{a^'r,U. , (E.3) 
in the hght-cone basis are defined by 

G-^dG = LIP" + LIK" + Lj,D + L-+ J+- + L^^'i + L'jJ\ (E.4) 
+ + L-,g+^ + L+^g- + L+,Q- + L-^St + L-,S+^ + LfS; + L+ 5^ , 

where the generators are taken in the basis described in Appendix B. To represent the 
Cartan 1-forms in terms of the even and odd coordinate fields we shall start with the 
following supercoset representative 

G = expix''P'' + 9-'Qi + e;Q+' + e+'Q- + etQ-') (E.5) 
X exp{rj-^S+ + v.S+^ + v+^S- + r^+^-j gy , 

where and gy depend on the radial AdS^ coordinate and coordinates y"^' respec- 
tively: 

g^ = exp(0D) , gy = exp{fj{J^, - Jh)) , y'j = ^i^^'Yjy^' ■ (E.6) 

Choosing the parametrization of the coset representative in the form (E.5) corresponds 
to what is usually referred to as "KiUing gauge" in superspace. Eq. (E.4) provides the 
definition of the Cartan forms in the light-cone basis. Let us further specify them by 
setting to zero some of the fermionic coordinates which corresponds to fixing a particular 
K-symmetry gauge. Namely, we shall fix the K-symmetry by putting to zero all the 
Grassmann coordinates which carry positive J^" charge: 9'^'^ — Of — r/+* = rjf = 0. 
To simphfy the notation in what follows we shall set = 9i = 9^ , rf = 77"', 
77j = 77". Note that since S^'^ and Q"*"* transform in the fundamental representations of 
su{2) and su{2) the corresponding fermionic coordinates r^'s and ^'s also transform in 
the fundamental representation of su{2) and su{2). As a result, the ^-symmetry fixed 
form of the coset representative (E.5) is 

Gg.f. = exp(x»P" + 9'Qt + 9iQ+') eMv'St + mS^') gy g^ . (E.7) 
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Plugging Gg,f, into (E.4) we get the ^-symmetry gauge fixed expressions for the Cartan 
1-forms 



(E.8) 
(E.9) 



Uj = {dUU-^j + \{fi% - -fj^6i)dx+ , Uj = {dUU-^Yj , (E.IO) 



= e-^/^dV, , L- = e'^/'^d9i , L%' = -ie'^/2r7Vx+, L+ = ie'^/277idx+, (E.ll) 



[E.12) 



with all the remaining forms equal to zero. We have introduced the notation 

ff = Wjri\ fji = r)j{U-yi, 9' = U'j9^, 9i = 9j{U-yi, (E.13) 

dTj' = U'jdr]^ , d^i = dr]j{U-y, , dO^ = U^jdO^ , Mi = dOjip-^i . (E.14) 

The fact that 9^ and are rotated by SU{2) and SU{2) is related to the presence of 
the matrices If G SU{2) and U G SU (2) in the definition of ^* and ff. These matrices 
defined by (5.4) can be written explicitly as 



U — cos — + i(7 n sin 

2 2 



fr \y\ ■ A' A' ■ \y\ 

U — cos — — 1(7 n sm — 
2 2 



(E.15) 



where \y\ and n"^' arc given by (A. 13). 

The iS"^ components L"^ of the Cartan forms defined by (E.3) can be written in the 
following equivalent ways 

L^' = e^' - ]^U^^y^f^dx+ , L^' = e^idy^ + ir)i{V^yjrfdx+) (E.16) 

where e^' and {V-^Yj are defined by (A. 12) and (A. 15) and we used the relation 

ei,{U^a^'uYj = -2i{V-Y, , el,e^' = 6% . (E.17) 

Plugging the Cartan 1-forms into the kinetic part of the string Lagrangian (E.2) we get 



kin 



-^9^y^^d^x+d,x- + -d^(t>dA + _ 

In order to get the action in the Killing parametrization one needs to use L^' given by 
the second expression in (E.16) and then make the rescalings 



X 



-x\ 



[E.19) 
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The action in the WZ parametrization is found by using L^' given by the first expression 
in (E.16) and after the transformation 

(E.20) 

and use of the Fierz rearrangement rule (?7i(cr^ Yj^^Y = ~3(?7^)^. 

The P-odd WZ part of the covariant string Lagrangian C^z (see e.g. [14-16]) takes 
the following form in the light-cone gauge 

^wz = -^e'^''L^;C',,L-i + h.c. . (E.21) 

Plugging in the expressions for the Cartan 1-forms and making the rescalings given 
above we get Cwz in the Killing parametrization (5.22) (see also (5.27)) and in the WZ 
parametrization (see the e^'^ term in (5.6)). 
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